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Abstract. In this paper, we focus on the q-Genocchi numbers and poly- 
nomials. We shall introduce new identities of the q-Genocchi numbers and 
polynomials by using the fermionic p-adic integral on Z p which are very im- 
portant in the study of Frobenius-Genocchi numbers and polynomials. Also, 
we give Cauchy-integral formula for the q-Genocchi polynomials and moreover 
by using measure theory on p-adic integral we derive the distribution formula 
q-Genocchi polynomials. Finally, we present a new definition of q-Zeta-type 
function by using Mellin transformation which is the interpolation function of 
the q-Genocchi polynomials at negative integers. 



1. PRELIMINARIES 

Recently, Kim and Lee have given some properties for the g-Euler numbers 
and polynomials in [7]. Actually, this type numbers and polynomials and their 
g-extensions or variously generalizations have been studied in several different ways 
for a long time (for details, see [1-21]). 

By using p-adic q- integral on Z p , Kim defined many new generating functions 
of the g-Bernoulli poynomials, g-Euler polynomials and g-Genocchi polynomials in 
his arithmetic works (for details, see [6-19]). The works of Kim have been benefited 
for further works of many mathematicians in Analytic numbers theory. Actually, 
we motivated from his inspiring works to write this paper. 

Assume that p be a fixed odd prime number. Throughout this work, we require 
the definitions of the some notations such that let Q p be the field p-adic rational 
numbers and let C p be the completion of algebraic closure of Q p . That is, 




= Y a ™P n '-0<a n <p-l 



7l=—k 

Then Z p is integral domain which is defined by 



or 



Z p = < x — a n p n : < a n < p - 1 
Z p = [x e Q P : \x\ p < l} . 
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We assume that q G C p with |1 — q\ < 1 as an indeterminate. The p-adic 
absolute value |.| , is normally given by 



Fl p =P 



where x = p r | with (p, s) = (p, 1) = (s, t) = 1 and r G Q. 

The g-extension of a; with the display notation of [x] is introduced by 

1 - a x 

W. - T^7- 

We want to note that lim^i [x] = x (see[l-22]). 

Also, we use notation N* for the union of zero and natural numbers. 

We consider that r\ is a uniformly differentiable function at a point a G Z p , if 
the difference quotient 

i - y 

have a limit rf(a) as (a;, y) —> (a, a) and denote this by r\ G UD(1i p ). Then, for 
77 G J7D (Z p ), we can discuss the following 

TlV E *(09* = E »7(0M,«+P B Zp), 

which represents as a p-adic g-analogue of Riemann sums for 77. The integral 
of 77 on Z p will be defined as the limit (n — > 00) of these sums, when it exists. The 
p-adic g-integral of function 77 G UD (Z p ) is defined by T. Kim in [6], [10], [15] by 

The bosonic integral is considered as a bosonic limit q 1, I\ (77) = lim^i / 9 (77). 
Similarly, the fermionic p-adic integral on Z p is introduced by T. Kim as follows: 



(1-2) I-,iv)= / r,iOd»_ q (S) 

Jz p 

(for more details, see [16-18]). Obviously that 

- p"-i 

(1.3) um /_,(»?) = /_!(»?)= / »?(o^-i(o= I** y; ??(e)(-i) 

From (|1.3p . it is well-known as the useful property for the fermionic p-adic q- 
integral on Z p : 

(1-4) /_ 1 (7 ?1 ) + /_ 1 (r ? )=2r ? (0), 

where r) 1 (x) = 77 (x + 1) (for details, see[2-4, 11-14, 16-22]). 
The q-Genocchi polynomials can be introduced as follows: 

(1.5) G n , q (x) = n [ 9 « (x + O"" 1 d/i_j (0 • 

From (|1.5p . we have 



G„, 9 (*)=£(? V G 



r n—l,q 
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where G n ^ q (0) := G n , q are called g-Genocchi numbers. Then, g-Genocchi num- 
bers can be given by 

G 0<q = and q (G q + 1)" + G„, g = | ^ ™ > j 

with the usual convention about replacing (G q ) by G n q is used (for details, see 
CD)- 

Our objective in the present paper is to derive not only new but also novel and 
interesting properties of the g-Genocchi numbers and polynomials. Our applications 
for the g-Genocchi polynomials seem to be useful in mathematics for engineerings 
(on this subject, see [23]). 

2. SOME PROPERTIES ON THE g-GENOCCHI NUMBERS AND 

POLYNOMIALS 

Let r\ (x) — q x e t ( x+ ^ . Then, by using (|1.4[) . we see that 
t [ q^+^dfi^ (0 = ~-^e xt 



q& + 1 

From the last equality and (jl.5l) , we easily derive the following generating func- 
tion of the g-Genocchi polynomials: 

(2.1) t / q^+^df,^ (0 = V G n , q (x) - = ~—-e xt , |logg + t\ < tt. 

J£ "> 71 = ^ 



Substituting x — >■ x + y into (|2.ip . then we write 

V G n . q (x + y) — = f 

n\ qe* + 1 

n— 



(x+y)t 



! 



\n=0 '/ \n=0 

n=0 \fe=0 V / / 



t" 

n! 



From the above, we easily express the following theorem 
Theorem 1. TTie following holds: 

(2-2) G„, 9 (* + !/) = £ Q G M (x) 

By (I2.2[) . we consider the following 

2 

From this, it follows that 



G,, i.r + //) = ^ny"" 1 + £ (fyG k , q (x) y"-K 



Gn, q (x + y)- ^-ny*- 1 = £ Q G k , q (x) y" 
can be derived and so we reach the following theorem: 
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Theorem 2. For n 6 N*, one has 

n /n\ 

^ g o ( fc + 2)( fc+ l) Gfc+2 - W ^' fc 

G n+ 2, q (x + y)-J r (n + 2)y n + 1 

(n + 2) (n + 1) 

Replacing y by — y into (12.31) . then we get 

G n+2 , q (x-y)- 1 |-(n + 2)(-ir+V +1 
(2.4) 



(n + 2) (n + 1) 

n /n\ in- fe 

, _ Q (/fc + 2)(fc + l) Gfe+ ^ (a;)2/ ' 



By it follows that 



fc=0 



(-1)" G n+2 , 9 (z - y) + ^ (n + 2) 



(n+1) (n + 2) 



Therefore, from the expressions of ()2.3[) and (|2.5|) . we procure the following 
theorem: 

Theorem 3. TTie following holds true: 

M S ( fc + i)p fe + i) G ^W- 2t 

_ (-1)" G' ra +2,g (x - y) + Gn+2, 9 (z + y) 
(n + 1) (n + 2) 

where [.] is Gauss' symbol. 

By (|2.4[) , we have the following identity 



n (n — 1) 

By (|2~4|) . (|2~5]l and (|2.7p . then we have the following theorem: 
Theorem 4. For neN*, we gei 



(2.8) 



(-1)" G n+2 ,q {x-y) + G n+2 ,q (x + y) 
(n + 2) (n+1) 
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Taking y = 1 into (|2.3j) . it follows that 
(oq\ n^T (fc) r /_\ _ 9 G «+2,9 + !) 2 <7 



_ o (fc + 2)(fc + l) (n + l)(n + 2) [2],(n + l) 

We need the following for sequel of this paper: 

i V qe* + 1 ge* + 1 

From the above, we easily develop the following: 
(2.10) qG n+1 , q (x+l) + G n+hq (x) = (n + 1) 2x n . 

By (|2.9[) and (|2.10l) . we state the following theorem: 
Theorem 5. The following holds: 

n (n\ 

_ 2x n+1 G n+2 , q (x) 2 



qn + q (qn + q)(n + 2) [2} q (n + l) 

Thanks to equality of lim^i G n>q (x) = G n> i {x) := G n (x), where G n (x) are 
known as Genocchi polynomials which is given via the exponential generating func- 
tion, as follows: 

00 j.n o/ 

Y. G ^ x )- = ^—^ xt (i*i <7r )> 

£ — ' n\ e l + 1 

n— 

(see [1-4, 12, 13, 21]). From the above, as q — > 1 in (|2.11[) , we discover the 
following corollary: 



Corollary 1. The following 



£(fc+2)Vi) Gfe+2(x) 

2x n+1 G n+2 (x) 



n+l (n + 1) (n + 2) n+1 

is true. 

Let us take y = 1 and n — > 2n into (|2.6p . becomes 
(2.12) 

^ o (k + l)(2k+l) G2k+ ^ {x) 

_ G 2n +2, q (x - 1) + G 2n +2, q (x + 1) 
(2n + l)(2n + 2) 

\ {qG 2n +2,q (x + 1) + G 2 „+2, 9 (x)) + qG 2n+2: g (x) + G 2n+2i<3 (x - 1) 
~ (2n+l)(2n + 2) 

G 2 „ +2 , 9 (x) qG 2n +2, q (x) 



g(2n+l)(2n + 2) (2n + 1) (2ra + 2) 
2(n + 2)x" +1 2 (n + 2) (x - 1)" +1 G 2 „ +2:? (x) <zG 2n+2 , 9 (x) 



(2n+l)(2n + 2) (2n + 1) (2n + 2) g (2n + 1) (2n + 2) (2n+l)(2n + 2) 
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After these applications, we conclude with the following theorem: 
Theorem 6. The following identity 

n ( 2n \ 



(fc + l)(2fc + l) 

(n + 2)x n+1 (n + 2)(x-l) n+1 G 2n+2 , q (x) qG 2n+2 , q (x) 



(2n+l)(n + l) (2n + l)(n + l) q (2n + 1) (2n + 2) (2n+l)(2n + 2) 
?s irue. 

Now, we analyse as g — s> 1 for the equation (j2.13[) and so we readily state the 
following corollary which seems to be interesting property for the Genocchi poly- 
nomials. 

Corollary 2. The following equality holds: 

^ g ( fc + l)(2 fe+ l) G2fc+2(3;) 

2(n + 2)x n+1 2(n + 2)(x-l) n+1 G 2n+2 {x) G 2n+2 {x) 



(2n+l)(2n + 2) (2n + 1) (2n + 2) (2n+l)(2n + 2) (2n + 1) (2n + 2) ' 
Substituting n — > 2n + 1 and y = 1 into (|2 . 8[) , we compute 

E(fc+l) 2 (2fc + l) G2fc+2 ' 9 (X) 

_ (ft + 1) - G 2ra +3,g (g ~ 1) 

(2n + 3) (2n + 2) 

| (gG 2 „ +3 , 9 (x + 1) + G 2n+3tq (x)) - (G 2n+3 . q (x) + G 2n +3, q {x - 1)) 
~~ (2n + 3) (2n + 2) 

g - 1\ ggn+g^ (g) 



g / (2n + 3)(2n + 2) 
z 2 " +2 (x-l) 2 "+ 2 , /g-l\ G 2n+3 . q (x) 



q(n+l) (n+1) \ g / (2n + 3) (2n + 2) ' 
Therefore, we obtain the following theorem: 
Theorem 7. 27ie following equality holds: 

n ^2n+lj 

E(fcTi)%fcTT) G2fc+ ^ (a:) 

x 2 "+ 2 (x-l) 2 "+ 2 /g-l\ G w ,,(x) 



g (n+1) (n+1) \ q J (2n + 3)(n + l) 
As g — > 1 in the above theorem, then we easily derive the following corollary: 
Corollary 3. For n G N*, t/ien we have 

n pin+V\ 

]^(k + l)(2k + l) G2k+2Ax) 



2x 2n+2 2 (x - 1) 



2n+2 



(2n + 2) (2n + 2) 
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3. CONCLUSION 

In this final section, we recall the generating function of the g-Genocchi polyno- 
mials, as follows: 

It 00 t n 

(3.1) r q{Xit) = ^_ e *t = J2G n , q (x)-. 

n—0 

Using the definition of the A;-th derivative as 4r^ to f|3. 1|) , then we easily see that 

By applying lim^o on the both sides in (|3.2p , then we conclude with the follow- 
ing theorem: 

Theorem 8. The following identity 

d k ( 2t 



(3.3) G k n {x) = lim 

is true. 



dt k \qe l + 1 



We now consider Cauchy-integral formula of the g-Genocchi polynomials which 
is a vital and important in complex analysis, is an important statement about line 
integrals for holomorphic functions in the complex plane. So, by using the equation 
of (|3.3p . we can state the following theorem: 



Theorem 9. The following Cauchy-integral holds true: 

Gn > q {x) = ^i j c :Fq{x ' t) '^ 

where C is a loop which starts at —00, encircles the origin once in the positive 
direction, and the returns —00. 

Distribution formula for the g-Gcnocchi polynomials is important to study re- 
garding p-adic Measure theory. That is, 



dp" - 1 

/ qyix + yfd^iy) = lim V (-1)* + g 

5=0 



P 1 

. t / x + a 



n— ^00 

a=0 \ 5=0 

d-1 



d»Y(-l) a q a n+hq[ ~ 

n + 1 



(^) 



a=0 

After the above applications, we procure the following theorem. 
Theorem 10. For n G N* ; then we have 

d-l 



G n . q (dx) = d"- 1 (-1)° q a Gr hq + 



a=0 
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By utilizing from the definition of the geometric series in (|3.1j) . we easily see that 



^ G m , q (x) — = V 2 (m + 1) V (-1)" q n n" 



m+l 



* — ' m! \ ^— ' / (m + l)! 

m=0 m— \ n— / 

by comparing the coefficients on the both sides, then we have, for m G N 

(3.4) Grn+1 ' q {X) = [21 V (-1)" «fn m . 
y ' m+l L J? ^ v ; 

71 — 1 

Now also, we develop the following applications by using Mellin transformation to 
the generating function of the g-Genocchi polynomaials: For s G C and 3?e (s) > 1, 

1 r 00 

(3.5) C(s,z:<?) = yJ^J o t s - 2 {-F q {x,-t)}dt 

°° / p GO 

= 2^](-l)V t s - x e- nt dt 



Thus, we can state the definition of the g-Zeta-type function as follows: 
(3.6) C(s , x:g) = 2 £^^-. 

n=l 

As q — >• 1 in (I3.6[) . turns into 

limC(s,x:g) = C(s^: 1) := C (*, i) - 2 V ^-f- 

n=l 

which is well-known as Euler-Zeta function (see [6]). By (|3.4[) and (|3.6I) . we get 

C (-71, a : g) = f- — . 

n + 1 
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